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Two-dimensional cellular materials (prismatic honeycombs) provide a range of properties that make
them suitable for multifunctional applications involving heat dissipation and structural performance.
In this paper we present two-scale homogenization-based ﬁnite element scheme for convective heat
transfer and structural characterization of 2-D cellular metals with uniform and graded cell sizes of var-
ious topologies as well as with mixed cell-topologies. For convective heat transfer analysis, the cells are
modeled implicitly as temperature-dependent sinks modeling the out-of-plane ﬂuid convection through
the cells; the sink strength is determined via a micromechanics problem of heat transfer in a cell. For
structural analysis, the cellular material is represented as a micropolar continuum with linear elastic con-
stitutive equations obtained via micromechanics solution of a representative unit cell. The analyses are
then used in conjunction with an optimization algorithm to design cellular materials with functionally
tailored mesostructures. The analysis and design framework enables tailoring cellular materials with
graded cell structures of a given topology as well as with cell structures that combine multiple topologies.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Two-dimensional cellular materials (also referred to as linear
cellular materials, prismatic cellular materials, or honeycombs)
are attractive for multifunctional applications such as combined
heat dissipation and structural stiffness and/or strength. They pro-
vide easy access to cooling ﬂuid, possess large surface area to vol-
ume ratio, and facilitate lower pressure drop when compared with
stochastic cellular materials, thus enabling efﬁcient heat dissipa-
tion via convection processes (Hayes et al., 2004). Furthermore,
due to aligned cell walls their mechanical properties such as stiff-
ness and strength are superior compared with stochastic cellular
materials. However, the most distinctive feature of two-dimen-
sional cellular materials is that they can be functionally tailored
for speciﬁc single- or multi-functional applications. For example,
cell-wall thickness, cell size, cell topology (shape), or their combi-
nation may be varied within the design domain to achieve an efﬁ-
cient and near-optimal design for a given set of objectives andll rights reserved.
echnologies Research Center,
USA. Tel.: +1 860 610 7045;
r).constraints. Tailoring the cross-section of 2-D cellular alloys so that
it consists of cells of various sizes and topologies is physically real-
izable using the manufacturing technique developed by the Light-
weight Structures Group at Georgia Institute of Technology
(Cochran et al., 2000). In this process, slurry consisting of metal
oxides and water with a small percentage of lubricants and binders
is extruded through a die, dried, and then reduced in a hydrogen
atmosphere, resulting in a prismatic cellular metal. The cellular
alloy thus obtained is also referred to as linear cellular alloy
(LCA) or linear cellular metal (LCM). With the aforementioned pro-
cess, cell wall thicknesses as small as 50 lm and cell sizes on the
order of several hundred microns can be achieved with no clear
upper bounds on these sizes (Hayes et al., 2004). Complex cell
geometries comprised of arbitrary combination of cell topologies
and sizes can be manufactured (cf. Fig. 1), thus providing the
opportunity to optimize these materials for multifunctional
performance.
Most of the current approaches to designing 2-D cellular mate-
rials are restricted to uniform cell structures of a chosen cell topol-
ogy such as square, equilateral triangular or regular hexagonal. Lu
(1999) presented an approximate approach to calculate the total
heat transfer rate through a uniform regular hexagonal cell struc-
ture. Their approach was used by Gu et al. (2001) to compare the
Fig. 1. Examples of linear cellular alloys manufactured using the process developed by Cochran et al. (2000); note the range of cell topologies that can be manufactured
including the possibility of combining various cell topologies in a given cross-section.
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regular hexagonal cellular solids. They showed that for a given rel-
ative density, the regular hexagonal cell structure is better than the
square topology, which in turn is superior to that of the equilateral
triangular cell structure in terms of the heat transfer efﬁciency de-
ﬁned as the ratio of the total steady state convective heat transfer
rate and the pressure drop. They also compared multifunctional
performance of these structures by considering shear stiffness in
conjunction with heat dissipation (see also Evans et al., 1998,
2001; Ashby et al., 2000). The design strategy adopted in these
approaches is essentially that of materials selection, i.e., based on
intuition and/or experience, several candidate cell topologies are
often chosen from a set of available and already characterized
topologies. These are then analyzed and compared with respect
to performance indices representative of the desired application(s).
The materials selection approach has been employed for a long
time and is still the most common approach for designing struc-
tures and systemsmade of various types ofmaterials. The approach,
however, is essentially of trial-and-error nature restricted to
currently available and well characterized material systems and
cellular topologies. In the context of cellular materials one is typi-
cally restricted to available uniform cell topologies. It is well known
that the hexagonal cell topology provides excellent convective heat
transfer but has poor in-plane stiffness due to cell wall bending-
dominated response. On the other hand, equilateral triangular cell
structures are excellent from the point of view of in-plane stiffness
but their heat transfer characteristic is poor when compared with
hexagonal structure. In a multifunctional design application in
which both high speciﬁc heat transfer and in-plane stiffness are
desired, either of the cell topologies separately may not lead to
desired trade-offs. Perhaps a judicious combination of cell topolo-
gies or gradation in cell size or both are required to achieve a
desired design; design approaches based on materials selection
strategy are not well-suited to such trade-offs.
Recently, attempts have been made to systematically design
graded 2-D cellular structures of rectangular topology for maxi-
mum convective heat transfer (Kumar and McDowell, 2004a) and
for combined heat transfer and structural characteristics (Seeper-
sad et al., 2004a,b). In the work of Seepersad et al. (2004a), a
three-dimensional ﬁnite-difference code was used for convection
heat transfer analysis and the in-plane stiffness was estimated
using approximate analytical formulae. These analyses were usedin conjunction with a multi-objective decision-based robust design
framework to obtain a Pareto-optimal set of designs with uniform
and graded cell sizes of rectangular topology. Their approach was
limited to a rectangular cell structure as the ﬁnite difference heat
transfer analysis was formulated for this speciﬁc cell topology. In
order to extend their approach to other cell topologies, a separate
ﬁnite difference formulation would be required for each cell topol-
ogy. Furthermore, as their approach explicitly models the cell
structure by ﬁnite difference nodes located in the solid and ﬂuid
domains, the nodal location and their relationship with the neigh-
boring nodes (connectivity) is required a priori for formulating the
ﬁnite difference equations – the nodal connectivity cannot evolve
during the design iteration. Hence, their approach is not amenable
to designing cellular materials with multiple cell topologies. In a
recent work Seepersad et al. (2008) have presented a two-stage ap-
proach to design cellular structure for combined structural and
convective heat transfer properties. In this approach a unit cell of
the cellular material is designed for robust structural performance
using conventional topology optimization followed by a second
stage of optimization that improves the heat transfer characteris-
tics of the resulting set of topologies without degrading the struc-
tural performance.
Earlier work of Kumar and McDowell (2004a) presented an
alternative methodology to facilitate design of rectangular cellular
materials with graded cell size for maximum steady state heat
transfer rate. The methodology relied on a two-scale homogeniza-
tion-based ﬁnite element analysis to model convective heat trans-
fer through cellular structures. A two-dimensional ﬁnite element
approach was developed that implicitly models voids (cell interi-
ors) and out-of-plane convection into the working ﬂuid ﬂowing
through cells. The convection process was modeled via distributed
temperature-dependent sinks in the domain with the sink strength
determined using an analytical micromechanics solution for heat
transfer through a rectangular duct. The approximate analysis pro-
cedure was veriﬁed for uniform and graded rectangular cell topol-
ogy by comparing the results with 3-D ﬁnite difference solutions.
The methodology was found to be efﬁcient in preliminary explora-
tion of the design space and was used in conjunction with optimi-
zation procedure to design uniform and graded rectangular cell
structures for various boundary conditions. However, the approach
was formulated such that only one cell is associated with each
ﬁnite element, limiting its application to rectangular cell topology.
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Fig. 2. Modeling approach when a single cell topology (square, equilateral triangle,
or regular hexagon) is associated with the elements.
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to Kumar and McDowell (2004a) to design hexagonal cell struc-
tures for optimum heat transfer by grading the cell size and cell-
wall thickness. Although their approach admits multiple hexagonal
cells within one ﬁnite element, it uses a rather crude approach to
obtain the sink strength of an element; the sink strength calcula-
tion does not account for the temperature variation in the ﬂuid
along the out-of-plane direction. Furthermore, they calculate the
total pressure-drop across the cellular material by summing the
frictional resistances of all the cells; this violates the energy equa-
tion. With regard to energy, the total pressure-drop in all the cells
of a 2-D cellular material will be the same although the velocity in
each cell could be different (the situation is similar to ﬂuid ﬂow in
parallel arrangements of pipes). We have veriﬁed that with correct
pressure-drop calculations and their choice of objective function
(total heat transfer rate divided by pressure drop) the optimization
yields uniform cell design for a square domain with temperature
prescribed on top surface and other sides insulated. This occurs be-
cause any gradation in cell size would increase the pressure-drop
more than the increase in heat transfer rate, resulting in a lower
value of the objective function.
Designing cellular materials for structural or combined heat
transfer and structural applications require efﬁcient stress analysis
methods to determine the structural properties of interest. Again it
is possible to obtain ‘‘exact” properties of cellular materials by
modeling individual cell walls as beams or plates within a ﬁnite
element model; however, such an approach is computationally
expensive and is not suitable for graded or mixed-topology designs
due to cell wall compatibility issues. A number of researchers have
proposed a continuummodel for cellular structures (cf. Chen et al.,
1998; Wang and Stronge, 1999; Warren and Byskov, 2002; Kumar
and McDowell, 2004b). Kumar and McDowell (2004b) presented a
generalized continuum approach to analyze various 2-D cellular
materials, implemented it in a ﬁnite element framework, and com-
pared various cell structures for their indentation and notch resis-
tance. They also pointed out the need for a continuum model for
cellular structure for design studies. Recently Yan et al. (2008) have
adopted the work of Kumar and McDowell (2004b) to design
graded square cell structures for notch resistance.
The aim of this paper is to generalize and extend our earlier
approach (Kumar and McDowell, 2004a,b) to facilitate design of
cellular mesostructures with functionally graded cell sizes and
with mixed topologies. The ﬁrst extension is to allow multiple cells
of various ﬁxed topologies (squares, equilateral triangles, and reg-
ular hexagons) to be associated with individual ﬁnite elements
with cell size (or relative density) as design variable in each ele-
ment. This approach allows us to design cellular mesostructures
with functionally graded cell size of a chosen cell topology. As
pointed out earlier, in a multifunctional design scenario one would
like to combine different cell topologies to achieve improved
designs. Although with our ﬁrst extension, it is possible to associ-
ate different cell topologies with different ﬁnite elements in the
domain, the cell topology would have to be decided and assigned
to individual elements a priori, restricting the generality of the
approach for design purposes. Ideally, we would like to start with
a set of chosen cell topologies and let the design exploration pro-
cess choose the appropriate topology in different regions (ﬁnite
elements) of the domain in order to satisfy the objectives and con-
straints of the optimization process: our second generalization
aims to achieve this goal. We illustrate by designing cellular mate-
rials for maximum steady state heat transfer rate with a constraint
on the overall shear stiffness. Furthermore, for simplicity, we
consider combining equilateral triangular and hexagonal cell
topologies only; however, the approach can be easily extended to
handle more than two cell topologies. Generalizing the approach
of conventional topology optimization that considers each elementto have a mixture of solid and voids (cf. Bendsoe and Sigmund,
2003, and references cited therein), we consider each ﬁnite ele-
ment to consist of a mixture of two (or more) cell topologies with
their volume (area) fraction determining the number of cells of
each topology. The cell dimension of the triangular and hexagonal
topologies (assumed same for all the cells of a given topology) and
the area fraction of cells in each element acts as design variables.
Although not essential, we restrict the ﬁnal design so that each ele-
ment has only one cell topology as obtained from the optimization
procedure. This methodology allows for the simplicity of the
reconstruction process, i.e., of reconstructing the discrete represen-
tation of cellular structure as opposed to a continuous mixture of
cell topologies.
2. Convective heat transfer in 2-D cellular materials
The total steady state heat transfer rate through a 2-D cellular
material may be estimated using a variety of approaches. Although
three-dimensional computational ﬂuid dynamics (CFD) simula-
tions can be accurate, such analyses are computationally expensive
and hence are not suitable in conjunction with design optimization
codes that require a large number of iterations through the analy-
sis routines. We therefore extend the homogenization-based
approach presented earlier (Kumar and McDowell, 2004a) to allow
multiple cells of various ﬁxed topologies as well as multiple topol-
ogies within individual ﬁnite elements.
2.1. Finite element formulation with cell structures modeled implicitly
Consider the cross-section of a 2-D cellular material and assume
that the solid material and voids in it have been homogenized to
obtain an effective continuous medium. This two-dimensional con-
tinuous domain is represented by X and its boundary by oX with
oX ¼ oXg [ oXh and oXg \ oXh ¼ /, where oXg is the part of the
boundary where temperature is prescribed (Dirichlet boundary)
and oXh is the part of the boundary where heat ﬂux is prescribed
(Neumann boundary). The effect of out-of-plane heat transfer in
the actual cellular material – due to conduction and convection
processes occurring within the cells – is modeled by a continuous
distribution of source, Qðx; yÞ (and hence sink, Qðx; yÞÞ in X (see
Figs. 2 and 3).
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Fig. 3. Modeling approach when two cell topologies (equilateral triangle and regular hexagon) are associated with the elements.
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heat transfer problem is given by
r  ðD  rTÞ þ Q ¼ 0 in X
qn ¼ qT  n ¼ h on oXh
T ¼ g on oXg
ð1Þ
whereD is the effective conductivity tensor, T is the temperatureﬁeld,
q is the heat ﬂux vector, n is the unit normal vector on oXh;h is the
magnitude of the speciﬁed normal ﬂux on the boundary and g is the
speciﬁed temperature. Eq. (1) is solved using Galerkin ﬁnite element
approximation. We divide the domain X into N sub-domains
(elements), Xe. The temperature and weighting functions within an
elementareapproximated fromthenodal temperaturesusing theele-
ment shape functions,Ne. Substituting these approximations into the
weak formof Eq. (1) leads to the following equation for an elementXe:Z
Xe
½BeT ½De ½BedA
 
fTeg ¼ 
Z
oXeh
½NeThe dsþ
Z
Xe
½NeTQe dA; ð2Þ
where ½Be is a matrix relating the temperature gradient frTg to the
nodal temperature fTeg, and ½De is the effective element conductiv-
ity matrix which is a function of underlying void topology and
dimensions, as discussed later. Note that in the standard treatment
of heat conduction problems via the ﬁnite element method, it is as-
sumed that the heat source is prescribed within the domain and is
hence known. However, in the present formulation, the heat source
is not prescribed; the convective heat transfer is modeled by a dis-
tributed source/sink term that depends on the temperature differ-
ential between the solid and the ﬂuid regions, which may vary
spatially in the domain.
To determine the source/sink strength, Qe, associated with ele-
ment ‘e’, the micromechanics problem of heat transfer through the
associated cell structure must be considered. We will consider two
cases: (1) Single cell topology within each ﬁnite element, as shown
in Fig. 2, and (2) multiple cell topologies within each element, as
shown in Fig. 3. In both cases it is assumed that attributes such
as wall thickness, cell dimensions (in multiple topology case, the
cell dimension of each topology), etc. remain constant within a
ﬁnite element, though they can vary from one element to another.
It will be shown that for both the cases, we can express the sink
strength for any element in the form
Qe ¼ ½RefTeg þ SeTo; ð3Þ
where To is the ﬂuid inlet temperature and expressions for
½Re and Se for the two cases will be given later. Substituting Eq.
(3) into the discretized version of the weak form, Eq. (2), we getZ
Xe
½BeT ½De½BedAþ
Z
Xe
½NeT ½RedA
 
fTeg
¼ 
Z
oXeh
½NeThe dsþ
Z
Xe
½NeTSeTo dA ð4ÞThis may be written compactly as ½KefTeg ¼ ff eg which are assem-
bled to obtain the global ﬁnite element equations. The global sys-
tem of equations is solved after imposing the Dirichlet boundary
conditions thus determining the nodal temperature. The heat trans-
fer rate associated with each element can now be calculated using
Eq. (3) and the total heat transfer rate for the domain is obtained
by summing the heat transfer rates associated with all the ele-
ments. The ﬁnite element formulation, discussed in the foregoing,
is implemented in MATLAB (2001) programming environment.
The element is taken to be a 4-node rectangle employing linear
shape functions. Other element shapes could be implemented if
the overall domain to be modeled is of complicated shape. For illus-
tration, we will restrict the overall domain to be rectangular for
which rectangular elements are sufﬁcient.
2.1.1. Case 1: single cell-topology per element
In this case each element has multiple numbers of cells of a cho-
sen topology (Fig. 2). The determination of effective conductivity
andeffective sink strength for anelement is discussed in this section.
2.1.1.1. Effective conductivity. In the ﬁnite element formulation
discussed earlier each element is treated as a homogeneous contin-
uum with effective thermal conductivity representative of the
underlying cell structure. Factors that determine the effective con-
ductivity are solid and ﬂuid conductivities, cell topology, cell
dimension, and cell-wall thickness. A number of micromechanics
solutions are available to determine the effective conductivity of
porous solid. In this paper, we consider the ﬂuid to be air and
the solid to be a high-conductivity solid with the conductivity
much higher than the ﬂuid, i.e., ks  kf . Thus, as a ﬁrst approxima-
tion, we neglect the ﬂuid conductivity altogether. The overall
conductivity matrix for an element is written as
½De ¼ D
e
11 0
0 De22
" #
ð5Þ
The terms of this matrix are obtained for various cell topologies. For
square cell structure, these are given by (Kumar and McDowell,
2004a)
Square cell structure : De11 ¼ De22 ¼
kstw
a
; ð6Þ
where a is the characteristic cell dimension and tw is the cell-wall
thickness. For equilateral triangular and regular hexagonal topolo-
gies, we adopt the numerical solution presented by Hyun and Tor-
quato (2000) for the complete range of solid volume fraction, Vfs. In
the present work the following cubic polynomial is curve-ﬁt to their
numerical results:
Equilateral triangle : De11¼De22
¼ ks½0:7205V3fs0:3178V2fsþ0:5856Vfs ð7Þ
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¼ks½0:5135V3fs0:0606V2fsþ0:5425Vfs ð8Þ
where the solid volume fraction in terms of cell wall thickness and
cell dimension is given in Table 1.
2.1.1.2. Effective sink strength. The effective sink strength associated
with element ‘e’, Qe, is obtained by considering the total heat dis-
sipation through the cells associated with it. Let the number of
cells (of a given topology and ﬁxed dimensions) associated with
element ‘e’ be necells. The total heat dissipated by this element due
to convection is given by summing the heat dissipation due to all
the associated cells, i.e.,
QeT ¼
Xnecells
i¼1
QeT;i ¼
Xnecells
i¼1
aeeff ;iðTei  ToÞAei L ð9Þ
Here aeeff ;i; A
e
i , and L are, respectively, the effective convection coef-
ﬁcient, the cross-sectional area of the ith cell, and the out-of-plane
length of the cellular domain; To is the ﬂuid inlet temperature and
Tei is the average wall temperature associated with the cell. Note
that the negative sign is due to the fact that we are considering con-
vection via sinks, i.e., negative sources. The effective convection
coefﬁcient is determined from the micromechanics solution to be
discussed shortly. The effective convection coefﬁcient and the area
of the cells may be taken out of the summation sign as each element
has uniform cell topology and dimensions; however, we retain the
above form for generality.
The average wall temperature of the cell is calculated from the
element nodal temperature by interpolation. For simplicity, the
temperature at the centroid of the cell may be taken as the average
wall temperature. This is a reasonable approximation especially for
the case where cell size is considerably smaller than the element
size. However, the calculation of the precise centroidal coordinates
of all the cells would require the knowledge of precise cell arrange-
ment within the element, which is difﬁcult for cell topologies other
than square. Thus, instead of determining the precise location of
the centroid for each cell topology, we propose a simpliﬁed
approach. At any step of design iteration, we estimate the number
of cells along the x- and y-direction in the element, which would
depend on the element size, cell topology, current design variables,
etc. We then take a set of nodes arranged in a rectangular grid with
uniform spacing in x- and y-directions. The number of nodes in
each direction coincides with the number of cells in those direc-
tions. For square cell topology, the nodal points are located exactly
at the cell centroids; however, they would not be so for the trian-
gular and hexagonal cell topologies. This approximation should be
acceptable as the temperature variation would be gradual from cell
to cell within an element of a suitably reﬁned mesh. Also note that
for equilateral triangular and hexagonal cells, not all the cells in anTable 1
Physical and ﬂow characteristics of various cell geometries.
Square Equilateral
triangle
Regular
hexagon
Relative density, r (or solid
volume fraction, VfsÞ
1 1a2 ða twÞ2 1 1a2 ða
ﬃﬃﬃ
3
p
twÞ2 1 1a2 a twﬃﬃ3p
 2
Flow area ða twÞ2
ﬃﬃ
3
p
4 ða
ﬃﬃﬃ
3
p
twÞ2 3
ﬃﬃ
3
p
2 a twﬃﬃ3p
 2
Flow Perimeter 4ða twÞ 3ða
ﬃﬃﬃ
3
p
twÞ 6 a twﬃﬃ3p
 
Hydraulic diameter, Dh a tw 1ﬃﬃ3p ða ﬃﬃﬃ3p twÞ ﬃﬃﬃ3p a twﬃﬃ3p
 
Isothermal Nusselt
number, NuD
2.98 2.47 3.353
Friction factor, n 57 53 60.26element would be complete equilateral triangle or regular hexagon
as there would be partial cells at the boundary of the element.
These edge effects are considered approximately by calculating
the total number of complete cells along x- and y-direction and cal-
culating the temperature there rather than at the precise controid
of the cells. When the numbers of cells in an element are large, the
convection through the partial cells is expected be a small fraction
of the total convective heat transfer through the element.
Using the element interpolation function evaluated at the cen-
troid of the ith cell (or the grid point), Nei , we obtain the average
wall temperature for this cell as
Tei ¼ ½Nei fTeg ð10Þ
Substituting this expression in Eq. (9) and dividing by the total vol-
ume of the element, AeL, we obtain the source/sink strength for ele-
ment ‘e’ as
Qe  Q
e
T
AeL
¼ ½RefTeg þ SeTo ð11Þ
where ½Re and Se are obtained as
½Re ¼ 1
Ae
Xnecells
i¼1
aeeff ;i½Nei Aei ð12Þ
Se ¼ 1
Ae
Xnecells
i¼1
aeeff ;iA
e
i ð13Þ
In order to determine the effective convection coefﬁcient, aeeff ;i, we
consider the micromechanics problem of heat transfer rate through
a typical cell ‘i’ of a given topology, dimensions, and with the out-of-
plane length identical to the overall out-of-plane dimension, L. In
principle, a computational approach may be adopted for the solu-
tion of the micromechanics problem; however, it will lead to signif-
icant computational expense as each design iteration would lead to
different cell geometry requiring generation of geometry, re-mesh-
ing, and solution of the governing equations at every iteration. Here
we adopt a simpliﬁed analytical approach. It is assumed that the
walls of cell ‘i’ are at constant temperature, Tei , which is the average
temperature of the cell in the x–y-plane of the ﬁnite element anal-
ysis corresponding to the inlet cross-section. In reality, the wall
temperature changes along the length of the duct due to out-
of-plane conduction and convection processes. The isothermal
assumption yields an upper bound solution to the total heat trans-
fer rate; so long as it provides a consistent and monotonic relation
with the total heat transfer rate as determined from full 3-D calcu-
lations, we submit that this approximation should sufﬁce for the
design of in-plane cell structures (Kumar and McDowell, 2004a).
Using the standard energy balance for a duct with constant wall
temperature (Incropera and DeWitt, 1996; Oosthuizen and Naylor,
1999), we obtain the total heat transfer rate (in W) through a cell
in the z-direction as
QeT;i ¼  _mei cpð1 ea
e
i
Pei L= _m
e
i
cp Þ Tei  To
  ð14Þ
The effective convection coefﬁcient for the cell ‘i’ associated with
element ‘e’ is obtained as
aeeff ;i ¼
_mei cp
Aei L
1 eaei Pei L= _mei cp
 
; ð15Þ
where _mei is the mass ﬂow rate and P
e
i is the ﬂow perimeter of the
ith cell associated with the element and cp is the speciﬁc heat of
the ﬂuid at constant pressure. The laminar ﬂow convection coefﬁ-
cient, aei , is related to the ﬂuid conductivity, kf , Nusselt number
NuD;i, and hydraulic diameter of the cell in the element, D
e
h;i, by
aei ¼
kfNuD;i
Deh;i
ð16Þ
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eter for the three cell topologies considered in this work are listed in
Table 1. The Nusselt number and hydraulic diameters for the square
and equilateral triangle cell topologies are taken from Incropera and
DeWitt (1996) and that for regular hexagonal cell topology from
Asako et al. (1988).
During the design process the cell dimensions vary spatially,
resulting in different mass ﬂow rate through the cells associated
with different elements of the mesh. The mass ﬂow rate is deter-
mined by solving the linear momentum and continuity equations
to partition the total prescribed mass ﬂow rate among the cells,
assuming that the cells are much longer compared the its diameter.
The total laminar ﬂow pressure drop and the maximum Reynolds
number are also estimated (see Kumar and McDowell, 2004a for
details).
2.1.2. Case 2: multiple cell-topologies per element
We consider a generalization of case 1 presented in the forego-
ing by allowing multiple cell topologies to be associated with each
element. We will discuss the details of the design procedure in Sec-
tion 4; here we formulate the ﬁnite element methodology for
determining the total heat transfer rate through such cellular
structures. We restrict the presentation such that only two cell
topologies – equilateral triangular and regular hexagonal – are
assigned to each element; however, the approach can be easily
extended to other cell topologies as well as for more than two cell
topologies per element.
2.1.2.1. Effective conductivity. We assume a simple rule-of-mixture
approximation to determine the effective conductivity of the ele-
ment. This simpliﬁed assumption is justiﬁed as more accurate
calculation of element conductivity would require precise arrange-
ment of cells of various topologies within the element, which is
unknown, i.e., not prescribed initially nor determined during the
design iteration. Thus, letting f etop1 and f
e
top2 to represent the area
fraction of cell topologies 1 and 2, respectively, in element ‘e’, the
effective in-plane conductivity of this element can be written as
½De ¼ ðf etop1Þg½Detop1 þ ðf etop2Þg½Detop2; ð17Þ
where ½Detop1 and ½Detop2 are the effective in-plane conductivity of
two cell topologies associated with the element determined using
the expressions given previously for various topologies (see Eqs.
(6)–(8)). As commonly used in the artiﬁcial material approach of
conventional topology optimization (cf. Bendsoe and Sigmund,
1999, 2003; Sigmund and Torquato, 1997; Eschenauer and Olhoff,
2001), we use a penalty factor g to force each element to eventually
(at the convergence of design process) have only one cell topology.
For the design studies presented in this paper a value of g ¼ 3 was
found to be adequate.
2.1.2.2. Effective sink strength. When the ﬁnite element consists of
two or more cell topologies, the effective sink strength can be cal-
culated in a manner analogous to that used for single topology case
discussed in Section 2.1.1. The total heat transfer rate through the
element is again the sum of the total heat transfer rate through all
the cells of various topologies associated with it. Considering only
two cell topologies, Eq. (9) can be generalized to give the total heat
transfer through element ‘e’ as
QeT ¼
Xnecells top1
i¼1
aeeff ;iðTei  ToÞAei Lþ
Xnecells top2
j¼1
aeeff ;jðTej  ToÞAej L; ð18Þ
where the ﬁrst term is the contribution due to the cells of ﬁrst
topology only and the second term is due to the cells of the second
topology only. necell top1 and n
e
cell top2 are, respectively, the total num-ber of cells of topology 1 and 2 in element ‘e’. As all the cells of a
given topology have same geometrical characteristics, Eq. (18) can
be rewritten as
QeT ¼
Xnecells top1
i¼1
aeeff ;top1ðTei ToÞAetop1Lþ
Xnecells top2
j¼1
aeeff ;top2ðTej ToÞAetop2L;
ð19Þ
where aeeff ;top1 and aeeff ;top2 are the effective convection coefﬁcient of
a single cell of topologies 1 and 2, respectively, and the cross-sec-
tional area of a single cell of two topologies are written as
Aetop1 and A
e
top2, respectively.
A further simpliﬁcation is made in calculating the average cell-
wall temperature for the cells associated with the element. We
assume that all the cells of a given elements are at a constant
temperature given by the average centroidal temperature of the
element. Recall that for the case of an element with single cell
topology, we adopted a more rigorous approach and considered
each cell within an element to be at different temperature interpo-
lated from the element nodal temperature to the centroid of each
cell. In the present case of multiple cell-topologies within a ﬁnite
element, calculating the cell wall temperature in a rigorous fashion
is not warranted or even justiﬁed, as the relative location of the
two cell types is undeﬁned during the design iteration. For exam-
ple, the cells of one topology could all be near the top edge of
the element or they could be interspersed between the cells of
the second type. With this assumption, the total heat transfer rate
through element ‘e’ can be estimated from Eq. (19) as
QeT ¼ aeeff ðTeav  ToÞAeL; ð20Þ
where
aeeff ¼ aeeff ;top1f etop1 þ aeeff ;top2f etop2 ð21Þ
and Teav is the temperature at the centroid of the element. The
effective convection coefﬁcient for the two topologies is given by
generalizing Eq. (15) as
aeeff ;topb ¼
_metopbcp
AetopbL
ð1 eaetopbPetopbL= _metopbcp Þ; b ¼ 1;2; ð22Þ
where _metopb is the mass ﬂow rate through one cell and P
e
topb is the
ﬂow perimeter of one cell of topology b associated with the element
‘e’. The laminar ﬂow convection coefﬁcient associated with cell of
topology b;aetopb, is related to the ﬂuid conductivity, kf , Nusselt num-
ber NuD;topb, and hydraulic diameter of the cell (of topology b) in the
element, Deh;topb, by
aetopb ¼
kfNuD;topb
Deh;topb
; b ¼ 1;2 ð23Þ
As before, the determination of mass ﬂow rate through cells of both
the topologies associated with a ﬁnite element follows from the
approximate solution of the linear momentum and the continuity
equations. The average temperature is computed from the element
nodal temperature by interpolation as Teav ¼ ½NecentfTeg where ½Necent
is the matrix of element interpolation functions evaluated at the
element’s centroid. The sink strength for the element is again given
by Eq. (11) with the expression for ½Re and Se given by the
expressions
½Re ¼ aeeff ½Necent ð24Þ
Se ¼ aeeff ð25Þ
In order to force each element to have only one topology at the end
of the design process, we penalize the intermediate value of the
area fraction of the two topologies by using a penalty factor,
gP 1. Thus we generalize Eq. (21) by the following expression:
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Note that the intermediate values of f etop1 and f
e
top2 would be unfa-
vorable as they would result in lower heat transfer rate when com-
pared to the case where they assume values of either zero or one.
3. Structural characterization of 2-D cellular materials
In order to design cellular materials for multifunctional applica-
tions involving both heat transfer and structural characteristics we
need to obtain the overall structural properties of these materials
in addition to convective heat transfer, as discussed in the previous
section. The structural property of interest in this work is the over-
all in-plane stiffness of periodic, graded, and mixed-cell topologies.
For periodic cellular topology the in-plane stiffness can be obtained
by analyzing a unit-cell (Gibson and Ashby, 1997; Wang and
McDowell, 2004; Wang et al., 2005). However, for graded and
mixed-cell topologies the entire structure needs to be analyzed
using numerical methods such as the ﬁnite element method. The
properties may be accurately obtained by treating each cell-wall
as beam or plate and discretizing it in a ﬁnite element model. How-
ever, such a ‘‘brute-force” approach can be quite expensive espe-
cially in the context of a design study as each design-iteration
would require re-meshing in addition to expensive ﬁnite element
analysis. Furthermore, as discussed earlier in the context of heat
transfer analysis, a mixture approach is adopted for designing cel-
lular materials with multiple topologies in which case the exact
distribution of cells and their connectivity is unknown during the
design iteration. Thus it is infeasible to adopt a discrete ﬁnite ele-
ment approach that models individual cell walls and their connec-
tivities. An alternative approach is to represent cellular materials
as an equivalent micropolar continuum (cf. Kumar and McDowell,
2004b).
3.1. Micropolar elasticity model and ﬁnite element implementation
The in-plane deformation of 2-D cellular materials is character-
ized by cell-wall stretching and cell-wall bending (Deshpande
et al., 2001). In addition, the joints can translate in the plane as well
as rotate about an axis normal to the plane The total rotation at a
joint consists of macroscopic rotation associated with cell-wall and
a microscopic rotation associated with the joint (Fig. 4). Further-
more, these two rotations are independent of each other – the
macroscopic rotation is associated with the translation of the joints
and the microscopic rotation is an independent joint rotation. Thus
a micropolar continuum that allows for independent rotational de-
gree of freedom provides an appropriate equivalent continuumCell-wall
Joints 
Macro-rotation 
Micro-rotation, φ
Undeformed Configuration
Deformed Configuration
Fig. 4. In-plane deformation of a typical cell-wall: translation and independent
micro-rotation of joints justiﬁes the use of micropolar elasticity for equivalent
continuum modeling of cellular structures.representation of linear cellular materials (Kumar and McDowell,
2004b).
In this study we restrict to small deformation. Thus the govern-
ing equations of micropolar elasticity are given by (Eringen, 1968,
1999; Nowacki, 1986)
Balance of linearmomentum :rji;jþ fi¼0
Balance of angularmomentum : eijkrjkþmji;jþgi¼0
Kinematic relations :eji¼ui;jekji/k; jji¼/i;j
Constitutive equations :rji¼AjikleklþBjikljkl; mji¼BkljieklþCjikljkl
ð27Þ
These are supplemented by the following boundary conditions:
Displacement and microrotation
boundary conditions : ui ¼ uPi ; /i ¼ /Pi
Traction boundary conditions : rjinj ¼ tPi ;mjinj ¼ cPi
ð28Þ
Here rij is the non-symmetric stress tensor, mij is the couple stress
tensor, fi is the applied body force, gi is the applied body moment, ui
is the displacement vector, eij is the strain tensor, /i is the micro-
rotation vector, jij is the curvature tensor, and eijk is the permuta-
tion tensor. The prescribed value of displacement, micro-rotation,
stress traction and couple stress traction are denoted by
uPi ; /
P
i ; t
P
i and c
P
i , respectively, deﬁned on the boundary with an
outward unit normal vector ni. The linear elastic constitutive behav-
ior is described by fourth rank tensors A, B, and C. Uniform periodic
cell structures are centrally-symmetric and hence the coupling
terms in the constitutive description, Bijkl, is identically zero. This re-
mains true even for graded cell designs as each element within the
domain is considered to have uniform cells. For the case of mixed-
topology design where each element can consist of multiple cell
topologies, we assume that B is still zero. This assumption is consis-
tent with the mixture approximation as the exact location and con-
nectivity of various cell types within an element are undetermined
during the design iteration.
Kumar and McDowell (2004b) have used energy equivalence to
derive the micropolar elastic constants for square, equilateral tri-
angle, mixed-triangle, and diamond cell topologies, whereas, Wang
and Stronge (1999) and Warren and Byskov (2002) have used di-
rect structural analysis to obtain micropolor constants for regular
hexagonal and equilateral triangle cell topologies. We adopt the
elastic constants for various cell structures from these studies. In
this work we focus on equilateral triangle and regular hexagonal
cell structures (Fig. 5) for mixed-topology designs as these two cell
topologies can be combined easily allowing for easy reconstruction
of the resulting design. The constitutive equations for these cell
topologies in the coordinate system aligned with the principal
direction x1  x2 of the cells (Fig. 5) reduce to
r11
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r12
r21
m13
m23
8>>>>><
>>>>:
9>>>>>=
>>>>;
¼
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0 0 0 0 0 L66
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j23
8>>>>><
>>>>:
9>>>>>=
>>>>;
; ð29Þ
where the non-zero micropolar elastic constants, Lij, are deﬁned in
terms of the elastic modulus of the material ðEÞ, cell dimension
ðaÞ and wall thickness ðtwÞ in Table 2.
The ﬁnite element implementation of micropolar elasticity with
constitutive equations representing underlying cell structures was
discussed in an earlier work (Kumar and McDowell, 2004b). The
aforementioned study focused on a single cell topology within
the entire analysis domain. However, it is straightforward to
extend that analysis to cases where cell-dimensions and topology
a
a 
a
a
x1
x2 
Fig. 5. Equilateral triangular and hexagonal cell topologies considered for mixed-
topology design studies.
Inlet fluid - air 
To=293.15 K 
     = 0.005 kg/s        y
W=H
H 
L
om
Top surface, T=773.15 K
Bottom and lateral sides - 
insulated   
Outlet 
(a) 
.
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individual ﬁnite element – this would lead to different micropolar
elastic constants for each element in the domain. Thus the
approach can be used to design cellular materials with graded cell
structure of a given ﬁxed cell-topology. On the other hand, as
discussed in Section 2.1.2, for designing cellular material with mul-
tiple cell topologies, each ﬁnite element can consist of multiple cell
structures during the design iteration (see Fig. 3). As was done for
convective heat transfer analysis, we consider only two cell topol-
ogies – equilateral triangle and regular hexagon – to be associated
with each ﬁnite element. Furthermore, akin to thermal conductiv-
ity, we assume a mixture approximation for micropolar elastic
constants, i.e.,
½Leij ¼ ðf etop1Þg½Leij;top1 þ ðf etop2Þg½Leij;top2; ð30Þ
where gP 1 is the penalty parameter, f etop1 and f etop2 represent the
area fraction of cell topologies 1 and 2, Leij;top1 and L
e
ij;top2 represent
the micropolar elastic constants for the two cell topologies associ-
ated with element ‘e’, and Leij is the effective micropolar elastic con-
stant for the element. The structural property of interest for the
entire design domain is determined from the ﬁnite element solution
of the boundary value problem described by Eqs. (27) and (28). In
this work the micropolar ﬁnite element analysis was implemented
in the MATLAB (2001) programming environment in order to bet-
ter integrate it with the heat transfer analysis and MATLAB (2001)
optimization toolbox that was used for the design studies.
4. Design studies and results
Wenowconsider designof cellularmesostructureusing theanal-
ysismethodologies developed in the previous sections.We consider
designing these materials for maximum heat transfer rate without
andwith structural stiffness as constraint. For the case of heat trans-
fer only, we consider both uniform and graded cells of square, equi-
lateral triangular, and regular hexagonal topologies. For the case of
heat transferwith a constraint on structural stiffness, we allowmul-
tiple topologies in the domain; here, for simplicity, we restrict to a
combination of equilateral triangles and regular hexagons only. To
illustrate both these design cases we consider the design of a typicalTable 2
Micropolar elastic constants for equilateral triangle and regular hexagon cell
topologies (here E0  Etw=a; k  Et3w=ð12aÞÞ.
Equilateral triangle Regular hexagon
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L66 L55 L55prismatic heat exchanger with dimensions LW  H (Fig. 6a). The
domain is made of cellular structures of various cell topologies such
that the longitudinal axes of all the cells are alignedwith the out-of-
plane dimension (z-direction in Fig. 6a) of the heat exchanger. The
cooling ﬂuid is considered to be air at room temperature; it is
pumpedthrough the inlet cross-sectionof theheat exchanger at a gi-
ven mass ﬂow rate, _mo. The bottom and the lateral sides of the do-
main are assumed to be perfectly insulated and uniform constant
temperature is prescribedon the top surface. Thephysical properties
of solid andﬂuid are given in Table 3. The goal of the design studies is
todetermine the characteristics of the cellular solid (i.e., distribution
of uniform, graded, or mixed-topology cells) in order to maximize
the heat transfer rate, while satisfying all imposed constraints.
4.1. Single-topology designs – maximum steady state heat transfer
rate
We ﬁrst consider design of uniform and graded cellular materi-
als for maximum steady state heat transfer rate without any
constraint on structural properties. The dimensions of the domain
are W = H = 0.05 m and L = 0.5 m. The top surface of the domain is
considered to be at a uniform constant temperature, T = 500 C. The
cooling ﬂuid is air at 20 C with a mass ﬂow rate of 0.005 kg/s. The
design problem is cast into the following standard nonlinear opti-
mization problem:
Minimize:
QT ¼ 
XN
e¼1
QeT ðN ¼ number of elementsÞ
Design variables:
For uniform design: relative density, r
For graded design: relative densities, rj; j ¼ 1 . . .nely
(nely = number of elements in y-direction)x
z 
W=H
H 
u1 = u2 = φ3 = 0 
u2 = 0 
u2 = 0 
u2 = φ3 = 0 
Unit applied 
distributed force 
(b) 
Fig. 6. Problem setup for design studies: (a) Convective heat transfer (b) Overall in-
plane shear stiffness.
Table 3
Solid (copper) and ﬂuid (air at 20 C) properties used in design studies.
Property Value
Fluid conductivity ðkf Þ 0:027 W=m K
Fluid density ðqf Þ 1:195 kg=m3
Fluid kinematic viscosity ðmf Þ 15:15 106 m2=s
Fluid speciﬁc heat at constant pressure ðcpÞ 1002:7 J=kg K
Solid conductivity ðksÞ 362 W=m K
Solid elastic modulus ðEÞ 120 GPa
Solid elastic Poisson’s ratio 0.3
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1. Pressure drop (Pa): DP 6 500
2. Reynolds number: Re 6 2300
3. Total solid volume fraction: Vfs 6 0:4
The cell wall thickness is assumed to be a ﬁxed parameter equal
to 200 lm (typical cell wall thicknesses may range from 100 to
500 lm based on manufacturing considerations). Note that for
the case of uniform cell structures the relative density does not
vary in the domain; thus we have only one design variable. For
the case of graded cell structures, the design variable varies spa-
tially in the domain. However, the boundary conditions of the
problem imply that the gradation of cells should occur only in
the y-direction. Thus each row of elements would have one design
variable. The total heat transfer rate, ﬂuid pressure drop, Reynold’s
number, etc. are calculated using the ﬁnite element analysis meth-
odology discussed in Section 2. The nonlinear optimization is car-
ried out using sequential quadratic programming algorithm of
MATLAB optimization toolbox (2001).
For the case of uniform cell structures, a mesh convergence
study is carried out to determine the variation of the total heat
transfer rate as a function of ﬁnite element mesh. The results forFig. 7. Effect of mesh size on heat transfer rate for various unifosquare, equilateral triangular, and hexagonal cell topologies are
presented in Fig. 7. It is seen that the heat transfer rate is not
appreciably sensitive after a suitable mesh reﬁnement is achieved
– in this case 10  10 elements. Thus for the design studies, we
choose a 10  10 mesh.
The results of the design studies for the three uniform cell
topologies are shown in Fig. 8. The ﬁgure also lists the value of total
heat transfer rate, optimum design variable, pressure drop, Rey-
nolds number, and volume fraction of solid material in the domain
at the optimum solution. It should be noted that almost similar
heat transfer rate may be obtained from all the three cell topolo-
gies by varying the relative density (i.e., cell dimension for a ﬁxed
cell-wall thickness). It is known that for same relative density, hex-
agonal cell structure would give better heat transfer characteristics
(heat transfer rate divided by pressure drop) when compared to
square and equilateral triangular topologies; however, the present
design approach allows one to obtain equivalent amount of heat
transfer to pressure drop ratio from all the three cell topologies
by using different relative density. Note that the resulting opti-
mum designs do not use all the solid material available (the max-
imum available solid volume fraction is 0.4); this is due to the fact
that pressure drop has reached its maximum allowable value and
any further increase in relative density would violate the pressure
drop constraint. It should also be noted that the cell wall thickness
is not drawn to scale in this and the remaining ﬁgures of this paper.
Now we pose the following question: is it possible to achieve a
better heat transfer rate by functionally grading the cell size? To
answer this question we consider designing graded cellular struc-
tures of square, equilateral triangle, and regular hexagonal topolo-
gies. We ﬁrst consider the effect of ﬁnite element mesh on the
resulting graded design. For this study we choose the square cell-
topology and obtain optimum design for a number of ﬁnite ele-
ment mesh sizes. The total heat transfer rate for the best design
(out of three optimums obtained with different random initial
guesses for the design variables) is shown in Fig. 9 as a functionrm cell structures (cell size = 1 mm, relative density = 0.2).
Square cell structure 
QT = 2.272 kW 
r (design variable) = 0.284 
max Re = 169.5 
ΔP = 500 Pa 
Vfs = 0.284 
Equilateral triangle cell structure 
QT = 2.278 kW 
r (design variable) = 0.291 
max Re = 165.9 
ΔP = 500 Pa 
Vfs = 0.291 
Regular hexagon cell structure 
QT = 2.275 kW 
r (design variable) = 0.279 
max Re = 172.4 
ΔP = 500 Pa 
Vfs = 0.279 
Fig. 8. Best design for the uniform case: square, equilateral triangle, and hexagonal
topology.
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fer rate as well as the cell gradation are not very sensitive to the
mesh size especially when eight or more ﬁnite elements are chosen
along both the directions. Based on this study we choose 10 ele-
ments in all subsequent design studies with various cell topologies.
The results of the design studies that allows for gradation of rel-
ative density (and hence cell size for ﬁxed cell wall-thickness) for
each of the three chosen cell topologies – square, equilateral trian-
gle, and regular hexagon – are shown in Figs. 10–12. For each cell
topology three designs are shown, each obtained with a different
random initial value of the design variables; the design giving
the maximum heat transfer rate from amongst the three local op-
tima is chosen as the best design. Gradation of cell size results in a
higher heat transfer rate by few percent for all the three cell topol-
ogies when compared with the uniform designs. The best graded
designs have larger cells near the top boundary of the domain
where the temperature is higher and the cell size gradually reduce
as we move closer to the bottom of the domain. Thus by placing
larger cells near the hot boundary a larger convective heat transfer
is achieved. It is also observed that all the graded designs have
used the maximum available solid volume fraction of 0.4.
It should be noted that discrete cellular structures shown in
Figs. 10–12 display discontinuity in cell-size and/or cell-topologies
at the inter-element boundaries. This is due to the simpliﬁed ap-proach adopted to reconstruct the discrete cellular structure from
the continuous design variables obtained from the optimization re-
sults – the cell structures are simply drawnwithout any smoothen-
ing adopted. This simpliﬁed approach is suitable for the purposes
of the preliminary design; for the ﬁnal design a more sophisticated
algorithm ought to be developed. Furthermore, once the discrete
cell structure is reconstructed the design must be analyzed again
with high ﬁdelity analysis such as CFD and/or discrete structural
analysis to obtain the ﬁnal values of the heat transfer rate and/or
other quantities of interest. Both these steps to obtain the ﬁnal
design are beyond the scope of the present work.
4.2. Multiple-topology designs – maximum steady state heat transfer
rate with a constraint on overall stiffness
We restrict ourselves to two pre-selected topologies – equilat-
eral triangles and regular hexagons. The heat transfer problem is
same as that considered for uniform and graded designs discussed
earlier, i.e., the overall size of the domain, boundary conditions,
ﬂow conditions, and material properties remain same as before
(see Fig. 6a). The corresponding nonlinear optimization problem is:
Minimize:
QT ¼ 
XN
e¼1
QeT ðN ¼ number of elementsÞ
Design variables:
1. Cell dimensions: atri; ahex
2. Area fraction of triangular cell: f etriðe ¼ 1 . . .nelyÞ
Constraints:
1. Pressure drop (Pa): DP 6 500
2. Reynolds number: Re 6 2300
3. Total solid volume fraction: Vfs ¼ 0:3
4. In-plane shear stiffness of the domain (GPa): Gxy P 1:7
Note that the total volume fraction of solid is speciﬁed as an
equality constraintwhereas the remaining conditions are inequality
constraints. The cell-wall thickness is assumed to be a ﬁxed param-
eter equal to 200 lm. The design variables are taken to be the area
fraction of the triangular cellswithin each element aswell as the cell
dimension corresponding to each topology. Thus it is assumed that
the size of all the cells of a given topology is the same, i.e., the grada-
tion of cell size within a given topology is not allowed. Again the
boundary conditions of the problem imply that the variation of
topology should occur only in the y-direction. Thus each row of ele-
ments would have same value of design variables. The total number
of design variables are ðnelyþ 2Þ, where nely is the number of ﬁnite
elements along the y-direction. A 10 10mesh is considered for the
design and the penalty factor g ¼ 3 is used.
The overall in-plane shear stiffness (in the x–y-plane) of the cel-
lular structure (with unit out-of-plane length) is determined using
the ﬁnite element analysis with linear elastic micropolar constitu-
tive equations, as described in Section 3. The domain is subjected
to the boundary and loading conditions as shown in Fig. 6b: all
the degrees of freedom are constrained on the bottom edge, dis-
placement in the y-direction is constrained on the left and right
edges, displacement in the y-direction and rotation are constrained
on the top edge and a unit distributed force is applied on the top
edge in the x-direction. The ﬁnite element solution gives the over-
all displacement of the top edge in the x-direction from which the
in-plane shear strain is calculated. The shear stress is known from
the applied loading and hence the overall in-plane shear stiffness
of the domain can be determined.
Design 1 
QT = 2.335 kW 
r (design variable) =  
[0.1842; 0.1909; 0.2009; 0.4275; 
 0.4669; 0.4879; 0.5010; 0.5094; 
 0.5145, 0.5169] 
max Re = 831.5 
ΔP = 500.1 Pa 
Vfs = 0.4 
Design 2 
QT = 2.316 kW 
r (design variable) =  
[0.7500; 0.1832; 0.7159; 0.1921; 
 0.2325; 0.3527; 0.3782; 0.3921; 
 0.3999, 0.4035] 
max Re = 847.5 
ΔP = 500 Pa 
Vfs = 0.4 
Design 3 
QT = 2.335 kW 
r (design variable) =  
[0.1842; 0.1909; 0.2009; 0.4284; 
 0.4654; 0.4797; 0.5012; 0.5150; 
 0.5183, 0.5160] 
max Re = 831.4 
ΔP = 500 Pa 
Vfs = 0.4 
Fig. 10. Optimum solutions for graded design of square topology; the three designs
are obtained using different random initial guess for the design variables – both
designs 1 and 3 are the best designs.
Design 1 
QT = 2.325 kW 
r (design variable) =  
[0.1925; 0.7140; 0.7271; 0.2028; 
 0.2270; 0.3551; 0.3805; 0.3941; 
 0.4017, 0.4052] 
max Re = 766.3 
ΔP = 500 Pa 
Vfs = 0.4 
Design 2 
QT = 2.3369 kW 
r (design variable) =  
[0.1933; 0.1998; 0.2065; 0.5355; 
 0.3597; 0.5703; 0.4638; 0.4532; 
 0.5021, 0.5157] 
max Re = 755 
ΔP = 500 Pa 
Vfs = 0.4
Design 3 
QT = 2.3372 kW 
r (design variable) =  
[0.1940; 0.2002; 0.2080; 0.3309; 
 0.4693; 0.4973; 0.5114; 0.5227; 
 0.5313, 0.5348] 
max Re = 744.5 
ΔP = 500 Pa 
Vfs = 0.4
Fig. 11. Optimum solutions for graded design of equilateral triangle topology; the
three designs are obtained using different random initial guess for the design
variables – design 3 is the best design.
Fig. 9. Mesh convergence of graded design for square cell structure (each design shown is the optimum based on three runs with different initial guesses for design variables).
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Design 1 
QT = 2.331 kW 
r (design variable) =  
[0.1762; 0.4940; 0.1855; 0.2007; 
 0.4736; 0.4940; 0.4940; 0.4940; 
 0.4940, 0.4940] 
max Re = 918.2 
ΔP = 500 Pa 
Vfs = 0.4
Design 2 
QT = 2.336 kW 
r (design variable) =  
[0.1771; 0.1830; 0.4940; 0.2026; 
 0.4736; 0.4937; 0.4940; 0.4940; 
 0.4940, 0.4940] 
max Re = 901.3 
ΔP = 500 Pa 
Vfs = 0.4
Design 3 
QT = 2.338 kW 
r (design variable) =  
[0.1780; 0.1850; 0.1986; 0.4744; 
 0.4940; 0.4940; 0.4940; 0.4940; 
 0.4940, 0.4940] 
max Re = 885.5 
ΔP = 500 Pa 
Vfs = 0.4
Fig. 12. Optimum solutions for graded design of regular hexagon topology; the three designs are obtained using different random initial guess for the design variables –
design 3 is the best design.
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quadratic programming algorithm of MATLAB optimization tool-
box (2001). The results of the optimization are presented in
Fig. 13. Results from three optimization runs are presented each
with different randomly assigned initial design variables. Note that
in Fig. 13 a value of unity for the area fraction of triangular cells
means triangular topology and a value of zero implies regular hex-
agonal topology. Also in plotting the discrete cell structures in
Fig. 13, a value of area-fraction greater than or equal to 0.99 is ta-
ken as 1.0. It is seen that design 1 gives the maximum heat transfer
rate amongst the three. In this design a layer of hexagonal cells is
placed at the top and the bottom of the domain with equilateral
triangular cells ﬁlling the middle section of the domain.
In order to assess the mixed-topology design it is instructive to
compare the results with uniform triangular and hexagonal cell de-
signs for the same problem and constraints; recall that the uniform
designs presented in Section 4.1 did not include a constraint on the
structural stiffness and hence may not be directly compared with
the mixed-topology design. However, if we take the cell-wall thick-
ness to be a ﬁxed parameter and impose an equality constraint on
the total solid volume fraction, the uniform cell-topology design is
completely determined, i.e., we have an analysis problem rather
than a design problem. Thus using the analyses methods presented
in the paper we compute the overall heat transfer rate, maximumReynolds number, pressure drop, and the overall in-plane shear
stiffness for the uniform equilateral triangular and uniform regular
hexagonal cell topologies; the results are presented in Fig. 14.
Comparing the uniform and mixed-topology designs it may be
noted that mixing of cell topologies results in a slightly higher heat
transfer rate when compared with the uniform topologies. How-
ever, it is interesting to note that both the uniform triangular
and uniform hexagonal designs are not feasible designs as they vio-
late the pressure-drop constraint. Thus this study shows that for
certain problems it is important to combine multiple cell topolo-
gies to achieve better designs or to achieve designs that may not
be possible with uniform cell topologies considered separately.
Furthermore, it is expected that in a fully multifunctional design
study where both the steady state heat transfer and the overall
shear stiffness are considered in the objective function, a family
of mixed-topology design would emerge depending on the relative
importance (weight) assigned to the steady state heat transfer and
the overall shear stiffness.
5. Conclusions
The mesostructure of two-dimensional cellular materials can be
tailored in order to achieve better designs for single- and multi-
functional applications such as heat transfer, structural response,
Design 1 
QT = 2.286 kW 
Cell size triangle topology (design 
variable) = 0.002 m 
Cell size hexagon topology (design 
variable) = 0.001 m 
Fraction of triangular cells (design 
variable) = [0;1;1;1;1;1;1;1;1;0] 
max Re = 440.53 
ΔP = 499.92 Pa 
Vfs = 0.3 
In-Plane Shear Stiffness = 2.25 GPa 
Design 2 
QT = 2.271 kW 
Cell size triangle topology (design 
variable) = 0.0023 m 
Cell size hexagon topology (design 
variable) = 0.0005 m 
Fraction of triangular cells (design 
variable) = [0;1;1;1;0;1;1;1;1;1] 
max Re = 203.13 
ΔP = 500.00 Pa 
Vfs = 0.3 
In-Plane Shear Stiffness = 4.66 GPa 
Design 3 
QT = 2.257 kW 
Cell size triangle topology (design 
variable) = 0.002 m 
Cell size hexagon topology (design 
variable) = 0.001 m 
Fraction of triangular cells (design 
variable) = [1;1;1;1;1;1;1;1;0;0] 
max Re = 440.28 
ΔP = 499.99 Pa 
Vfs = 0.3 
In-Plane Shear Stiffness = 2.20 GPa 
Fig. 13. Optimum solutions for multiple-topology design (regular hexagon and equilateral triangles); the three designs are obtained using different random initial guess for
the design variables – design 1 is the best design.
R.S. Kumar, D.L. McDowell / International Journal of Solids and Structures 46 (2009) 2871–2885 2883or some combination of the two. A number of possibilities exist:
the material may be designed with a uniform distribution of cell
size and/or cell-wall thickness; or the cell size and/or cell-wall
thickness may be functionally graded; or various cell topologies
may be combined which themselves could be uniform or graded.
Of course, combining arbitrary cell topologies with gradation of
cell size would lead to most general cellular material which is per-
haps the optimum solution. However, the resulting design might
be difﬁcult to manufacture. Thus one must consider whether the
optimum design obtained via any complex analyses and design
process is physically realizable or not.
In this paper we presented a homogenization-based heat
transfer and stress analyses of 2-D cellular materials with an
aim towards designing the mesostructure of these materials for
a given single- or multi-functional applications. The analyses
were combined with design optimization to functionally grade
the cells of a chosen topology in order to achieve maximum heat
transfer rate. It was shown that functionally graded cellular mate-
rials yield slightly better heat transfer characteristics than their
uniform counterparts. Furthermore, the analyses were extended
to allow for designing these materials with multiple cell topolo-
gies. It was shown that combining different cell topologies may
lead to better design and/or designs that may not be feasible byuniform design of single topology. For simplicity of the recon-
struction we illustrated the approach where only equilateral tri-
angular and hexagonal cell topologies were combined with each
cell topology being uniform. However, the analyses can be readily
extended to the case where more than two cell topologies may be
combined and which allows for gradation in cell size within each
topology domain.
The design examples presented in this paper show only a lim-
ited improvement in performance as a result of tailoring the mes-
ostructure. We believe this is speciﬁc to the boundary value
problem considered: the boundary conditions imposed in the heat
transfer problem lead to mild temperature gradient between the
top and the bottom surfaces, and hence only a modest improve-
ment could be achieved by gradation of mesostructure. We expect
an increased improvement in heat transfer characteristics due to
gradation in mesostructure for problems where signiﬁcant temper-
ature gradient exists. Similarly for bending-dominated structural
problems (for example, actively cooled beam or plate structures
under transverse mechanical loads) we expect that gradation of
cell size and/or combining multiple cell topologies could lead to
higher improvement in thermal and structural performances over
spatially uniform cellular topology. The methodology presented
in this paper can be applied to such cases.
Uniform Equilateral Triangular Topology 
QT = 2.282 kW 
Cell size = 0.002 m 
max Re = 161.65 
ΔP = 546.80 Pa 
Vfs = 0.3 
In-Plane Shear Stiffness = 5.44 GPa
Uniform Regular Hexagonal Topology 
QT = 2.285 kW 
Cell size = 0.0007 m 
max Re = 161.65 
ΔP = 621.71 Pa 
Vfs = 0.3 
In-Plane Shear Stiffness = 1.62 GPa
Fig. 14. Total heat transfer rate and overall in-plane shear stiffness of uniform equilateral triangular and uniform regular hexagonal cell topologies.
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distinct interfaces across which discontinuities in cell size and/or
topology occurs. Thus the obvious question that arises is whether
such designs are manufacturable? The readers should note that
the designs obtained from the present method are preliminary de-
signs aimed at rapid exploration of design space and thus require
further postprocessing step to obtain the ﬁnal (validated) and
manufacturable design. This situation is typical of topology design
approaches. In this paper we do not address the postprocessing of
the resulting designs.
Based on the present research a number of recommendations
may be made for further research: (1) We used a gradient-based
design optimization resulting in a number of local minima thus
requiring multiple optimization runs with different initial guesses;
a global optimization algorithm may be employed instead. (2) Dis-
crete cellular structure must be reconstructed from the design
variables obtained at the end of the optimization runs. The recon-
struction process is not unique. In this paper we have adopted a
simple reconstruction process without resolving the resulting
discontinuity in cell size or topology at the inter-element bound-
aries. However, a better algorithmneeds to be developed that recon-
structs discrete cell structure with appropriate resolution or
smoothening of such discontinuities. (3) Once the discrete cellular
structure is reconstructed from the design variables, the overall heat
transfer rate and/or structural performance of the resultingmaterial
must be re-calculated with a higher-ﬁdelity analyses codes such as
computational ﬂuid dynamics analysis of heat transfer via convec-
tion processes and/or ﬁnite element structural analysis where the
cell-walls are modeled using beam or plate elements; such a post-
design analyses were not conducted in this paper and hence the
resultingdesignmust be considered as preliminaryproviding inputs
to detailed design studies. (4) For designing multiple-topology cell
structure we considered structural stiffness as a constraint; a truly
multifunctional design optimization study could be conducted
using the proposed methodology where the heat transfer rate as
well as structural properties of interest are combined in the objec-
tive function using a goal programming approach (McDowell,
2007). Finally, failure modes can also be considered either as con-
straints or objectives, such as structural buckling or yield.Acknowledgements
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